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Suppose an elongated projectile—for example, in the shape of a 
prolate spheroid—moving in infinite frictionless homogeneous liquid 
of density p under no forces. 

Let 0 be the centre of the spheroid, OC the axis of figure, OA and 
OB two equatoreal radii at right angles to one another fixed in the 
body; and let u, v, w be the component linear velocities of the body 
parallel to OA, OB, and OC; and p, y, r the component angular velo¬ 
cities of the solid about the axes OA, OB, and OC. 

If the velocity u only had existed, then the kinetic energy of the 
body and the surrounding liquid would be \c11u9,; where cu is a 
constant depending on the mass and shape of the body and the density 
of the liquid; cu is the force which would have to act on the body 
for the unit of time to produce the unit of velocity parallel to OA, 
and is called the effective inertia of the body in the liquid in the 
direction OA; therefore, also, C\\U in this case is the resultant linear 
momentum of the solid and liquid. 

If the density of the surrounding liquid had been zero, then cn 
would be equal to the number of units of mass M in the body; but in 
consequence of the velocity u of the body generating a certain state of 
motion in the surrounding liquid, we shall have 

Cn=if(l +Fa); 

where a is a certain constant depending on the shape of the body, 
o- being the density of the body. 

Since the body is of revolution, it follows that if the velocity v only 
had existed, the kinetic energy of the system would be \cY]vi, and the 
momentum CuV. 
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If the velocity w only had existed, the kinetic energy of the system 
would be \c^w2, and the momentum c^w; where 

c3S = m(i + £7), 

and 6’33 is the effective inertia of the body in the liquid in the direction 
OCy y being a constant depending on the shape of the body. In an 
elongated body c33 is obviously less than cu. 

For instance, if the body be a prolate spheroid of semi-axes OC— c, 
and OA = a, it can be proved that 

where 

a — 
A 
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0 

A 
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d\ c 

[a2 + A) (c2 + A)t “ a3 (c2 - a2) ~ 

c 

c 

+ \/c2 — «2 

— V7 c2 — «2 

a 03 - «3)*Iog 

C + \/<?2 — &2 
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If the angular velocities p and q only had existed, the kinetic energy 
of the system would be 

O2 + f) i 

where <?44 is a constant, called the effective moment of inertia of the 
body in the liquid about an equatoreal axis, and is equal to the couple 
which would have to. act round an equatoreal axis of the body for the 
unit of time to generate the unit of angular velocity; also the com¬ 
ponents of angular momentum about the axes OA and OB would be 
cup and Cucp 

In the prolate spheroid it can be proved that 

= (a3 + c2) jf C — A 
ry /U _ 

0-A+ c a (0+ 2A)- 
cz + a* 

If the angular velocity r only had existed, then, since this motion of 
the body will not set the surrounding liquid in motion, the kinetic 
energy would be \c&&r2; where cG6 is the moment of inertia of the 
body about its axis of figure OC; <?66 = M§a2. 

Now, if T denote the kinetic energy of the system when all the 
velocities u, v, to, p, q, r co-exist, T will be equal to the sum of all the 
separate kinetic energies due to each velocity separately, and therefore 

T= £ + cni?2 + c3Sw2 + c44p2 + cuq2 + c66r2). 

We must now express % v, w, p, q, r, which are estimated with 
respect to axes fixed in the body, in terms of co-ordinates with respect 
to lines fixed in space. 
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Let OX, OF, OZ be three rectangular axes drawn in fixed directions 
in space, meeting a sphere described with centre 0 and unit radius in 

z 

X, Y, Z. (In the figure the eye is supposed to be placed at 0—the 
centre of the sphere—and to be looking at the concave side of the 
.surface.) 

Let the axes OA, OB, OC of the figure meet the sphere in A, B, C. 
The axes XYZ may be brought into the position ABC by a rotation 

(1) through an angle \J/ suppose, about the axis OZ, bringing them into 
the position FBZ; (2) by a rotation, through an angle 6 suppose, about 
the axis OB, bringing them into the position BBC) and (3) by a rota- 
tion, through an angle suppose, about the axis OC, bringing them 
into the position ABC. 

Let x, y, z denote the component velocities of the point 0 parallel 
to OX, OY, OZ. We must now express u, v, w, p, q, r in terms of 
so, y, z, 0, (f)} if/, and apply Lagrange’s equations of motion. 
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Since T does not contain x} y, z, therefore 

sl = 0 M = o ^ = 0- 
Sx ’ St, ’ Si ’ 

and therefore equations (1), (2), (3) become 

(S)-».|(D-»4(S)-»' d /ST' 
dt 

The integrals of these equations may he written 

ST _ ST ST _ 
U-0’Sj,=°'Wz-F’ " (7) 

a constant, the total momentum of the system, by taking the axis of z 
in the direction of the resultant momentum. 

Now, the components of linear momentum of the system in the 
directions OA, OB, OC are cnu, cnv, cS3w, and therefore 

CiiU = F cos AZ == — F sin 0 cos <£, .(8) 

c^v = F cos BZ = F sin 6 sin <£, ..(9) 

c^w = F cos CZ = F cos 0......(10) 

Now, the component velocities x, y, z are equivalent to the component 
velocities k cos if/ + y sin if/, — x sin if/ 4- y cos if/, z in the directions 
OF, OF, OZ; which, again, are equivalent to the component velocities 

(x cos \J/ + y sin xj/) cos 0 — z sin 6 in the direction 01), 

— x sin if/ + y cos if/ ,, « OF, 

(x cos \f/ + ij sin if/) sin 6 + b cos 0 ,, „ OC; 

which, again, are equivalent to the components 

{{x cos if/ + y sin \J/) cos 0 — z sin 6} cos cf> + (— x sin if/ + \j cos if/) sin <f> 

— (cos 0 cos <£ cos if/ — sin sin if/) x + (cos 0 cos <£ sin if/ + sin d> cos ifr) y 

— sin 6 cos 4>z 

= u, in the direction OA; 

— {(a? cos \J/ + y sin if/) cos 6 — z sin 6} sin cf> + (— x sin if/ + y cos if/) cos $ 

= — (cos 6 sin cos if/ + cos sin if/) x — (cos 6 sin <£ sin if/ — cos cf> cos if/) y 

4- sin 0 sin <f>z 

= v, in the direction OB; and 

(x cos if/ + y sin if/) sin 0 + b cos 6 

= sin $ cos if/x 4- sin 6 sin if/y + cos Ob 

= w, in the direction OC. 
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Conversely, if we express x, y, z in terms of u, v, w, 0, if/, we shall 

have 

X cos if/ + y sin if/ =s component velocity in the direction OF 

== (u cos 0 — v sin (j>) cos 0 + w sin 0 

JF F 
=3 — — (sin 0 cos2 0 + sin 0 sin3 0) cos 0 + — sin 6 cos 0 

cn CS3 

== F (— — sin 0 cos 0; 
\c33 cll/ 

r— x sin if/ + y cos if/ ss component velocity in the direction OF 

= u sin 0 + v cos 0 =5 0 ; 

and therefore X = F (-- 
| sin 6 cos 0 cos 

\c33 cu/ 

y = F | X- | sin 0 cos 0 sin 
\c33 

also z = — u sin 0 cos 0 + v sin 0 sin 0 ■ 

cos2 0 sin2 0\ 

, c33 cn ) 

(11) 

(12) 

(13) 

We have therefore expressed x, y, z—the component velocities of 
the point 0 parallel to the fixed directions OX, OY, OZ—in terms of 
6, if/, and constants, the angle 4> not appearing; and u, v] w—the com¬ 
ponent velocities of the point 0, parallel to the axes OA, OB, OC, 
moving in space and fixed in the body—in terms of 0, 0>, and constants, 
the angle if/ not appearing. 

We must now express p, q, r in terms of 6, <0, 0 and 0, <p, if/—their 
rates of increase per unit of time. 

We have 

P — sin 00 — sin 0 cos 00, 
q == cos 00 + sin 0 sin 00, 

r = <p + cos Oij/; 

and expressing T in terms of 0, 0, if/, 0, 0, 0, 

T= IF* (— + —) + iou + sin* (ty!) + \cm (j, + cos 6$)*; 
\ c33 C11 / 

and therefore 
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To determine 6, <p, if/ as functions of t} we have by equations (4), (5' 
and (6), and first from equation (5), 

d_/ST 
dt \8(p o 0, 

and therefore 

or 

ST _ 
— constant, 

00 

<p + cos Oij/ == r , 

a constant—the angular velocity of the body about the axis OC, which 
therefore remains constant during' the motion. 

Also from (6), 

l(M) = 0; 

therefore 
8T 
Sj, 

r = Cu sill2 00 + C66 (0 + COS 6\j/) cos 0 

= c44 sin2 0\j/ + c66r cos 6 = G, . .(14) 

a constant—the angular momentum of the system about the axis of z. 

ST . . 
To obtain ^ we must differentiate the expression for T in terms of 

u} v, wy p, q, r; and therefore 

ST_STSu 8T8v STSr 
86 ~ 8u 86 + Sw S6> + + 8p 80 + Tq TO + ¥ 86' 

But 

and therefore 

Su 8v 
^6 = — v> cos 0, = w sin 0j 

8w 
86 

ST 
86 

and 
ST 

S§ 

= u cos 0 — c sin 0; 

= (c33 — cn) (u cos 0 — v sin 0) w 

+ c44 sin 6 cos 602 — c66r sin 60 

= sin 6 cos6(— - A') 
'c33 cll/ 

+ c44 sin 6 cos 6y>2 — c66r sin 00, 

— cu61 

therefore equation (4) becomes 

c440 — c44 sin 6 cos 6$>2 + c66r sin 00 — .F2 sin 0 cos 0 -— j — 0; ..,.(15) 
\c33 civ 
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and since from equation (14), differentiating with respect to t, 

c66r sin 00 = 2cu sin 0 cos 00i{/ + sin2 

therefore 

cJO + c*44 sin 0 cos OOif/2 + r44 sin2 Oi[/if/ — F2 sin 0 cos 0 

and integrating, 

I)-O, 

kcu ($2 + sin2 Oxj/0 + |c66'/ n( cos 20 
+ 

'33 

.in2 (9\ _ 

C11 / 
(17) 

a constant. The kinetic energy is therefore constant—a principle we 
might have assumed. ’ 

Eliminating \j/ between equations (14) and (17), we shall obtain an 
equation the integral of which will give 0 in terms of elliptic functions 
of t. 

Considering, however, only the case of the steady motion of the 
body, when the point 0 describes a uniform helix whose axis is in the 
direction of the axis OZ, the angle 0 between the axis OC of the body 
and OZ remaining constant; putting 6 = a, a constant, and \j/ = /*, a 
constant, and therefore ^ = y-t, we have 

and therefore 

cc — F (——- —^ sin a cos a cos at, 

V33 %/ 

i] — F(~-sin a cos a sin at, 

V33 cil/ 

,, /cos2 a sin2 a\ 
z = F(-+- ; 

\ C33 C11 / 

F(1 1\ . . , 
x sa — (- ) sm a cos a sin [it, 

V- V33 cil' 

F ( \ 1 \ . 
■u sass — — j —■ — } sill a COS a COS at, 

Vc33 *11/ 

T7 /cos2 a , sin2 a\ Fi + )t., 

the equations of the helix described by the centre 0 of the body. 

Equation (15) becomes, since 0=0, 

C44 sin a cos a [i2 — c66r sin a ju + F^ sin a cos a (—-—^ = 0; 
V33 cn/ 

and dividing out by sin a, 

c4Jt cos a[F — c66r/x + F% (— —* —^ cos a == 0. 
V33 cn/ 
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In order that this quadratic equation should give real values of 
we must have 

r2 > 4i?3 coS3 a %(— - -) 
c6d" ' c33 cll/ 

> ('-£) 
Suppose the projectile fired from a rifled gun in which the rifling at 

the muzzle would make one turn in n calibres, and suppose /3 the angle 
the rifling at the muzzle makes with the axis of the bore; then 

0 Trd 7T 
tan p — — = -; 

nd n 
d being the calibre; also 

tan j3 = 
w 

to being the muzzle velocity, and r the angular velocity; therefore 

2ttw 
Ifc' 

Hence, if the rifling of the gun required to give the requisite spin 
make one turn in % calibres, the calibre being d, we must have 

“sV. ClI Ca 

C33C44 (cn — c33) 

Where, as in practice, the fraction ^, which is equal to the ratio of 

the weight of the air displaced to the weight of the projectile, is so 
small that the squares and higher powers may be neglected, then in 
the formula 

we may put 

but 

and 

cn 

^ cllc66 
4<Z2C3o<?44 (Cq C33) 

fll __ 1. 
Con 

ciz=MP- (a-y), 

C44 = Mkf, Cqq = Mk9* 

where /q and Jr,3 are the radii of gyration of the projectile about an 
equatoreal axis through the centre of gravity and about the axis of 
figure, and therefore we may put 

4a2^13 — (a —• y) 

This formula shows, therefore, that n remains the same for similar 
projectiles made of the same material, whatever be the calibre. 
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Numerical Applications. 

As numerical examples, consider firstly common unfilled shell, which 
may, for the purposes of theoretical calculation, be considered as 
prolate spheroids of which the length is three diameters, the cavity 
being formed by a similar surface of two-thirds the linear dimensions 
of the external surface. 

Here c = 3a, and therefore 

^=ig-^'/3l0g£(3 + '/8)} 

0=^V2l0g£(3 + '/8)~A}- 

Now, log V8 = 0-4515450, 

therefore s/S — 2-82843, 

3 + V8 = 5-82843, 

log10 (3 + s/ 8) = 0-7655493. 

But log€ (3 + *</ 8) = (x log10 (3 + */ 8), 

where [a = 2-30258509, 

and logl0 fx — 0*3622185, 

logio logio (3 + s/ 8) = 1*8839736 ; 

therefore log10 lQge (3 + x/8) = 0*2461921, 

and log€ (3 + ^8) = 1-76276. 

Also, log V2 = 0-1505150, 

therefore logl0 log* (3 + V8) = 0-3967071, 

and x/2 log€ (3 + V8) = 2-49291, 

and ~ n/2 log£ (3 + ^8)== 0-15581. 

Therefore a? A = | — -0779 
O 

= *3750 

- -0779 

= -2971 ; 

a>C- 15581 — A 

= *15581 

— -08333 

== -0725. 
75 
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Therefore 
A + C 

C 725 

2971 
3696 

y = 2^ “ 5942 * 

log a = 3-4729027 

— 3-5677320 

= 1-9051707, 

a = 0-80385, 

log y = 2-8603380 

and 

Now, 

— 3-7739326 

= 1-0864054, 

y= 0-12201, 
a — y = 0-68184. 

_ weight of the displaced air 
weight of the shell 

and the density of cast-iron is 7*207 times the density of water, while 
the density of air at 15*5° 0. or 60° F., the height of the barometer 
being 30 ins., is of the density of water; therefore 

P _ _ 
<j 4 

f * SIS 

(>-S) x 7*207 

27 

19 x 7-207 X 816 

log 27 = 1*4313638 

1- 2787536 

0-8577545 

2- 9116902 

log 19 = 

loo- 7-207 = 

log 816 = 

logt = 
(T 

1-4313638 

— 5-0481983 

= 4-3831655, 

c = 0 00024164, 
cr 

and therefore ^ is a fraction small enough for the squares and higher 

powers to be neglected; and therefore 

7T%4 

4a2/q2 - (a — y) 
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where k1} are the equatoreal and polar radii of gyration of the shell, 

and putting — = 1, c66 = cu = MJc-f, cu - e33 = M (a — y). 
cn 

Now, 

and similarly, 

Therefore 

therefore 

7T a'c • g («2 + C2) (l — p) 

4 2 
— TVQrC 
o 

211 1 

171 X 5 

(>-S) 
+ c2) 

211 
= Yyj X 2«25 if c = 3a; 

^s2 — 

25 

35 2 o 
T3X5ffl2 

3s 

211 

_ 171 X 

^2 —— 

2 /211\2 4 
77 x (l7j) X 25 

„ 211 O ? f 4X __ X2x£(a- 

2117T2 

50 X 171 X £ (a-y) 
(J 

log 211 = 2-3242825, 

log 7r2 = 09943018; 

log 21177-2 = 3-3185843, 

log 50 = 1-6989700, 

log 171 = 2-2329961, 

log ~ = 
cr 

4-3831655, 

log (a — y) = 1-8336825 

= 0-1488141; 

log ft2 — 3-1697702, 

log n — 1-5848851, 

therefore 

log 

n = 38*449. 

In the service guns n is generally made equal to 35. 

Secondly, consider the case of double shell, unfilled, which must, for 
purposes of theoretical calculation, be considered as prolate spheroids 
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of which the length is four diameters, and the cavity is a similar 
surface of two-thirds the linear dimensions of the external surface. 

Then - has the same value as before—viz.. ‘00024164: but since 
a 

c = 4a, therefore 

«3^ = — jp (4 + n/15), 

«sC=I|ilog£(4 + V15)-A. 

Now, log V15 = 0 5880456, 

therefore V15 = 3-8723, 

• 4 + V15 = 7'8723, 

log10 (4 + VIB) = 0-8961403, 

logw logio (4 + V15) = 1-9523759, 

logit)/* = 03622185, 

logio log* (4 + n/15) = 0-3145944, 

log 151 = 1-7641368, 

l0gl° 111 loS< (4 + V16) = 2-5504576, 

-A log. (4 + v*15) = 0-035518. 
I02 

Therefore a? A = *266666 

— *035518 

= ‘281148, 

a^C— *071036 

- *033333 

= -037703; 

=_= _---11A8 = -85977 
A + C 268851 

y = 

c_ 
2 A 

37703 

462296 
= •08156, 

a — y = -77821. 

Also, as before. 

A3 = xyr x £ ^ + c^ 

211 17 . . . 
= TrTr X — a3, since c — 4a; 

171 5 
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and 

Therefore 

therefore 

therefore 

n* — 
4 x 

211 

171 
17 
5 

A 
25 

X (a — y) 

2117T2 

5 X 171 X 17 X — X (a — y) 
<T 

log21l7r2 = 3*3185843, 

log 5 = 0*6989700, 

log 171 = 2*2329961, 

log 17 = 1*2304489, 

log - = 4*3831655, 
° a 

1*8910968. 

' 7) ~ 0*4366773 ; 

lo g»2 = 2*8819070, 

log n = 1*4409535; 

n= 27*603. 

Consequently, even for double shell, the twist in the 6*3-in. and the 
8-in. howitzers—one turn in sixteen calibres—seems excessive; the 
spin imparted being theoretically far in excess of what is required for 
stability, the only effect of the excess of spin being to diminish the 
drift, which increases as the angular velocity diminishes. 

When the shell is filled the stability is slightly increased, and the 
spin need not be so great. For suppose a common shell, filled with 
powder of density 1*6; then, since a and y depend only on the external 
shape of the shell, they have the same values as before, and 

a — y = *68184. 

p _weight of the displaced air 

<t weight of the shell 

4 2 8 c X 
1 

816 

| (l - p) x 7-207 + | 7T*e g x 1-6 

27 
(19 x 7*207 + 8 x 1*6) 816 

27 
149*733. X 816’ 

But 
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log 27 

log 149-733 

log 816 

log P _ 

V = 

1- 4313638, 

2*1753176, 

2- 9116902, 

1-4313638 

- 5-0870078, 

4-3443560, 

0-00022098, 

4 Q 1,3 
- 7r£rc X - (a- • 
o 5 

+ j 
[(■-» ! x 7'207 + fj x i-e| 

l™2c{ H |s)* ,?-207 +5x i'6j 
I 

211 x 7-207 + 32 X 1-6 1 1 , a . 9N 

19 x 7-207 + 8 x VT X 9 X 5 +C ) 

1571'8?7 1 1 , , ~ 
149-733 X 9 5 1 + ; 

and 

Therefore 

V 

1571-877 2 a 

W733 X 9 a > lfC 

1571-877 1 2 2 _ v — NX _ (i& 
149-733 9 5 ' 

7T2/l-34 

3 a; 

4,a%* ^ (a — y) 

r2 X 1571-877 

log 7r2 

9 X 50 X 149-733 X 9- (a — y) 
cr 

0-9943018, 

3- 1964249 

4- 1907267, 

0-9542425, 

1-6989700, 

log: 149*733 = 2-1753176, 

4-3443560, 

log 1571-877 

log 9 

log 50 

P - I- log - = cr 

log (a — y) = 1-8336825 

1-0065686 
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therefore log n2 = 3*1841581, 

log n = 1*5920790, 

n = 39*09. 

Similarly with filled double shell we shall find n— 28, about. 

If the Martini-Henry bullet be considered a solid prolate spheroid 
of lead, of which the length is three diameters, then 

a — y — *68184, 

p __ density of air 

cr density of lead 

Jl 
816 _ 1 

~ 10-9 “ 10*9 x 816 

fc* = i («2 + c*) = 
0 

and therefore 
m2_ 7T2 x 10*9 x 816 

U ~ 50 x *68184 ’ 

log 7T2 = 0*9943018, 

log 10*9 = 1 0374265, 

log 816 = 2-9116902 

= 4*9434185, 

log 50 = 1*6989700, 

log *68184 = 1*8336825, 

= 1*5326525, 

log ^2 = 3*4107660, 

log u = 1*7053830, 

n = 50*744. 

In the Martini-Henry rifle the rifling makes one turn in 22 ins.; 
and the calibre being *45 of an inch, the rifling therefore makes one 
turn in ^ = 49 calibres. 

c 
Generally, for a projectile x calibres long, - = x, and therefore 

a 

a%0 = _ 1)1 l0S‘ (• + ^ -x) - 

1 

{x2 — l)f 
loge (x + \/x2 — 1) ; 
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and a — y — 
A + C 2 A 

2 A2 — AC — C2 

2^ {A + (7) 

2 A + C A — C 
— X 

2 A A + C 

W^V)^X + 

x2 + 2 

X (X2 — 1) (X2 — l)f 

x2-2 1 

a? H — 1) + — l)t 

1 

a? 

log (x -f \/x2 —■ 1) 

log (x + y x2 — i) 

- (x2 — 1)£ 
x 

x yx2—i — log (a? + yx2 — i) 

(x x} S^X<2‘ — ^ ^ l0g ^~~ ^ 

x ~ ~ <A2 — 1 + log {x + \/^2 1) 

If tlie cavity be a similar spheroid of 4th the linear dimensions of the 
external surface,, 

tra2c i (a2 -f c2) (\ — 1 ^ 
^2— 5 \ *»6/ 

7ra2c ( i-L) 
V m3/ 

and 

m5 — 1 l,o. ov 

v = _^-i; 3 
w5 — m2 5 

p weight of shell 

__ 1 \ density of iron 

ms/ density of air 

tr weight of displaced air 

(’ 

Therefore, generally, we must have 

a/m5 — 1\2 4 
\m5 — vi2) 25 

8 -1 

,2 — 
density of iron 

®F-1 1 (asi+I*)7« - r) " deilsityofair 

density of iron 

tv? — o 
4 a2 

= 5 ^ (X " m*) ?+l X a - X y density of air ? 
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1 ^2 (i — 1 \ ^ 1 density of iron # 
5 \ m6/ x2 + 1 a — y density of air 

where a — y is given by the formula above, giving n the number of 
calibres to one turn for the rifjjng at the muzzle of a gun firing shell 
of which the length is x calibres, and the cavity 4th of the linear dimen¬ 
sions of the external surface. 

The formula is obtained on the hypotheses that gravity is neglected, 
that the surrounding medium is frictionless and incompressible, and 
that the external surface of the shell is a prolate spheroid, and the 
results obtained agree fairly with what is observed in practice. 

For instance, the Krupp 40cni gun fires a steel shell 2’8 diameters 
long, and the rifling at the muzzle makes one turn in 45 calibres. 

As the steel shell is to be employed against armour, we may assume 
that the linear dimensions of the cavity are one-half those of the 
external surface, as in our Palliser projectiles, and therefore m — 2 
and x — 2'8. 

We have 

v^2 — 1 = 2-61534, 

x + vA2 — 1 = 5'415 34, 

loge (x + \/x2 —■ 1) = 1'68924, 

1 02 — l)f = 6-38890, 
x 

X = 7-32294, 

- = 1-86810, 

(-■) 
(-» 

s/x2 — 1 = 9*19104, 

•A2 — 1 = 5'45484; 

and therefore by the formula 

6-38890 ^ 9-19104 - 5-06772 

a 7_~ 7-32294 — 1-68924 X 5-4.548 + 1/68924 

6-38890 

5-63370 

4'12382 

744408 
= •654535 ; 

and therefore 

o 1 9 31 

32 X 

1 w 1 
8'84 X -654535 

X 7-8 X 816; 

and working this out by logarithms, we shall find n — 45*753. 
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